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Supervised learning as data-fitting

— Step 1 Gather training set (x1,vy;), ..., (n,Y,,)

— Step 2 Choose a NN with &k neurons, so that there exist weights
(wi,...,wy) to ensure y, =~ {NN (w1, ..., wi)} (x;), Vi

— Step 3 Set up a loss function /¢

— Step 4 Find weights (w1, ..., wy) to minimize the average loss

m

3y NN (i)} )]

Three fundamental questions in DL

— Approximation: is it powerful, i.e., the # large enough for all possible
weights?

— Optimization: how to solve

m

min =3y, NN (. wi)} (@)

— Generalization: does the learned NN work well on “similar” data?
(CSCI5525, and Deep Learning Theory)
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Basics of numerical optimization

— 1st and 2nd optimality conditions

— iterative methods

Credit: aria42.com

gradient descent

— Newton’'s method

momentum methods
quasi-Newton methods
coordinate descent
conjugate gradient methods
trust-region methods

etc
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Computing derivatives

L=z
bugs = a1 = 1)

o) =l = 64a(1—2)(1-20)*(1 -8z +82)?

200
b = 0.000001
return (£(x +h) - £(x) /b

Credit: [Baydin et al., 2017]
— Analytic differentiation (by hand or by software)

— Finite difference approximation
— Automatic/Algorithmic differentiation (AD)

4/90



A simple example

train model y = a + bx + cz? 4+ dz® using plain pytorch

mport torch
import math

dtype = torch.float

i o R Specify data type and device

x = torch.linspace(-math.pi, math.pi,

, device=device, dtype=dtype)
y = torch.sin(x)

orch.xandn((), devicesdevice, dtype=dtype)

h.xandn((),

leazning_rate =
for t in (2000):

ypred=asbaxscwxandodex

loss = (y_pred - y).pow(2).sum().iten()
iftm == 99:

int(t, los;]
m:,y,{m: - e - ' ' | Compute numerical gradient by analytical
Crai e » gxad_y_pred.vim | . .
Exad b = (gxad_y_pred & x).sum() gradient or auto-differentiation
£rad (grad_y_pred » x »= 2).sum()

grad_d = (grad_y_pred = x == 3).sum()

a == learning_rate = grad_a
b -= learning rate » grad b
€ -= learning_rate + grad_c
d

Perform a gradient descent step

-= learning_rate # grad_d

a.item(); + /b.item(); x + fc.item()

+ fd.item()}F x"3') 5 / 90



A simple example

train model y = a + bz + cx® 4 da® using PyTorch with autodiff (backward)

import tozch
import math

it Select device, prioritizing GPU if available.
i1 torch.cuda. 1s_avatlable() else IAlSO, set default device

jevice
torch.set detault

x = torch. linspace(-math.pi, wath.pi, 2000, dtypesdtype)
y = toreh.sin(x)

Declare them as optimization variables. All operations
on them and their descents will be tracked and built into
the computational graph, unless told otherwise

a = tozch.randn( (), dtype=dtype,
b = toren. randn((), dtypesdtype,
< = toxch.zandn( (), dtypesdtype,
4 = torch. randn( (), dtypesdtype,

leamning_rate =
for t in Tange(2008):

yored=atbaxntea skl tarnes

loss = (y_pred - y).pon(?).suni)

(t, less.item())
Perform backward-auto-diff in a single line
’

resulting grads stored in var.grad fields

Declare that operations inside shouldn’t be tracked

ate o b.grad
cad

zate » 6.
d += leamning_rate o d.grad
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A simple example

train model y = [a b ¢ d|T[1 = 2 2°] using PyTorch with torch.nn

import torch
import math

x = torch.linspace(-math.pi, math.pi, 2099)
y = toreh.sin(x)

o e torentomac(TL, 2, o) Organize all data points into a data tensor
xx = x.unsqueeze (-1).pon(p)
ST T Toreh STl Specify the linear model using torch.nn module; optimization

toreh.nn.Lineaz (3, 1),

toxen.on. Flatten(s, 1) variables are automatically created and initialized

)

Use their built-in MSEloss

learning rate = 1

for t in ( )z
o Forward loss computation
TR e
(e Loss.Ltom0)

model . zexo_grad()

loss.backnard()

et Gradient descent; all optimization variables stored in
for param in medel.parametexs(): mode|parameters 7 / 90

param == learning_rate « param.grad




A simple example

train model y = [a b ¢ d]T[1 = 2° 2°] using PyTorch with torch.nn and a
built-in optimizer

import torch
impoxt math

x = torch.linspace (-math.pi, math.pi, 2000)
¥ = tozeh.sin(x)

P = toxeh.tensex([1, 2, 7])
e = x.unsqueeze (- 1).pou(p)
model = toreh. nn.Sequential(
torch.nn.Lineaz(?, 1),
torch.nn.Flatten(o, 1)
)

Loss_fn = torch.nn.MSELoss (reductions sus )

Leazning_sate = 1 | Choose an internal optimizer/solver
fox t dn { :

y_pred = model (xx)

loss = loss_fn(y_pred, y)
4% 4 X 100 == 59
£(t, loss.iten())

optinizer. zero_grad()

loze. backnazd()

Perform one update step of the chosen optimizer
PyTorch optimizers: https://pytorch.org/docs/stable/optim.html
y p p py g P
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A simple example

train model y = [a b ¢ d|T[1 = 2% 2°] using PyTorch with customized model class
based on torch.nn

import torch
import math

| Create a new class on top of torch.nn class
class Polynomial3(toxch.nn.Module):
a7
0. it__()
.a = torch.nn.Parameter(torch.rxandn(()))
f.b = toxch.nn.Parametex(toxch.xandn(())) :. H HPEH
e - torehonn peameten(torch sanin((y) | D€Clare variables and basic building blocks
1f.d = toxch.nn.Parameter(toxch.xandn(()))
jdef forward( £, x):
a Compute forward loss
return f.a + f.b* x4 f.0 % X wn - f.d & x #w
def string(self):
)
return f'y f.a.item() ] + f.b.item()/ x olf.c.item()
f.d.item()
x = torch.linspace(-math.pi, math.pi, )]

y = torch.sin(x)

model = Polynomial3()
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Build an MLP

class NeuralNetwork(nn.Module):
def __init__(self):
super().__init__()
self.flatten = nn.Flatten()
self.linear_relu_stack = nn.Sequential(
nn.Linear (2828, 512),

nn.ReLU(Q),
nn.Linear (512, 512),
nn.ReLU(),
nn.Lineaxr(512, 10),
)
def forward(self, x):

x = self.flatten(x)
logits = self.linear_relu_stack(x)
return logits

Please work through Introduction to PyTorch
https://pytorch.org/tutorials/beginner/basics/intro.html

by yourself
10/90


https://pytorch.org/tutorials/beginner/basics/intro.html

Ready to optimize DNNs!?



Three design choices
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Set up the problem

activation function

Sigmoid Leaky ReLU '

0(z) = o= max(0.1z, z)

tanh Maxout

tanh(z) i max(w  + by, wiz + by)

ReLU : ELU ‘

. max (0, z) {.r 220

i — ale®—1) =<0 "

input layer

hidden layer 1  hidden layer 2

Credit: Stanford CS231N

min > (y;, DNNw (@) + (W)

— Which activation at the hidden nodes?
— Which activation at the output node?
— Which ¢7
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Which activation at the hidden nodes?

Net input Activation
function function

Perceptron rule.

Is the sign () activation good for derivative-based optimization?
Vwl (sign (wTz) ,y) = ¢ (sign (w'x),y) sign’ (wTz)x =0
almost everywhere (But why the classic Perceptron algorithm converges?)

Desiderata for activation:

— Differentiable or almost everywhere differentiable
— Nonzero derivatives (almost) everywhere

— Cheap to compute 13/90



Sigmoid and hypertangent

1

— Differentiable? Yes!

— Nonzero derivatives? Yes and No! What happens
for large positive and negative inputs?

Sigmoid — Cheap? exp (-) is relatively expensive
IF
-10 ﬂ 10
a}

tanh(x)

What about tanh?
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ReLU and friends

10

-10

RelLU

(Rectified Linear Unit)

10

-1

Leaky RelLU

o (z) = max (0, z)

Differentiable? Yes! (almost everywhere)

Nonzero derivatives? Yes and No! What happens
for x < 07

Cheap? Yes!

o () = max (azx,xz) (e.g., o =0.01)

Differentiable? Yes! (almost everywhere)
Nonzero derivatives? Yes! (almost everywhere)

Cheap? Yes!
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ReLU and friends

10

Exponential Linear Units (ELU)

-10 10
10

RelLU
(Rectified Linear Unit)

10 2

ifz >0

z) = {n (exp(z) —1) ifz<0

Leaky RelLU

— RelLU and Leaky RelLU are the most popular
— tanh less preferred but okay; sigmoid should be avoided

https://pytorch.org/docs/stable/nn.html#

non-linear-activations-weighted-sum—-nonlinearity 16 /90
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Which activation at output node?

depending on the desired output

— unbounded scalar/vector output (e.g. , regression): identity activation

1

1+e—® or

— binary classification with 0 or 1 output: e.g., sigmoid o (z) =
o(z) =3 (sin(z) + 1)

— multiclass classification: labels into vectors via one-hot encoding

L, =][0,...,0,,1,0,...,0]7
N—— N
k—10's n—k0’'s

e softmax activation: z s | =< e 17
g : S SIRERRED S

— discrete probability distribution: softmax

— for more involved constraints: embedded projection/relaxation
layers [Min and Azizan, 2024, Chu et al., 2026]
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Which loss?

Which ¢ to choose? Make it differentiable, or almost so

— regression: |-||2 (common, torch.nn.MSELoss),

“|l, (for robustness,
torch.nn.L1Loss), etc

— binary classification: encoder the classes as {0, 1}, ||| or cross-entropy:

£(y,9) =ylogy — (1 —y)log(1 —g) (minatg=y,
torch.nn.BCELoss)

— multiclass classification based on one-hot encoding and softmax
activation: [|-||5 or cross-entropy: £ (y,3) = — >, yilogZi (min at
y = ¥, torch.nn.CrossEntropyLoss)

* label smoothing: one-hot encoding makes all y;'s zero except for
the target class, but y; = 0 = V¥; log 7; = 0 = no update
contributed from y;.

Remedy: relax ... change [0,...,0,1,0,...,0]T into
le,...,e,1—(m —1)e,e,...,e]" for asmall e
— difference between distributions: Kullback-Leibler divergence loss
(torch.nn.KLDivLoss) or Wasserstein metric
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Training algorithms
Which method
Where to start

When to stop
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Recall: framework of line-search methods

A generic line search algorithm

Input: initialization x(, stopping criterion (SC), k =1
1: while SC not satisfied do
2:  choose a direction dy,
3:  decide a step size t,
4:  make a step: xpy1 = @ + trpdg
5. update counter: k =k + 1
6: end while

Four questions:

— How to choose direction d?
— How to choose step size t.?
— Where to initialize?

— When to stop?
20/90



Training algorithms

Which method
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From deterministic to stochastic optimization

Recall our optimization problem:

3 1 m

min — Zizl ¢ (y;,DNNw (x:)) + Q (W)

What happens when m is large, i.e., in the “big data” regime?
Blessing: assume (x;,y;)’s are iid, then

iy £ (y;, DNNw (1)) = Ea,y ¢ (y, DNNw (x))

by the law of large numbers. Large m = good generalization!

Curse: storage and computation

- storage: {(zi,y,)} typically

single 67 memary R TUbe RN - loaded onto GPU/TPU for parallel
Nvidia RTX 8000

] Videornalysis computing—Iloading whole dataset

{15008 4718 58 not feasible
4868 1.5Te“ ( log(+)
— computation: each iteration costs
IMAGE Data for creating the first black-hole .
Objectrecognition, decection 11 image at least O(mn), where n is #(opt
Chest X-Ray mage Analysis variables)—both can be large for

training DNNs!
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From deterministic to stochastic optimization

How to get around for large m?
stochastic optimization (stochastic = random)

Idea: use a small batch of data samples to approximate quantities of interest

- gradient: =3 Vw/(y;, DNNw (2;)) = Ez,y Vw{ (y, DNNw (x))
approximated by stochastic gradient:
s Vwt (3, DNNw (a))
for a random subset J C {1,...,m}, where |J| < m
— Hessian: 3" Vil (y,, DNNw (2:)) = Ez,y Viy ¢ (y, DNNw (z))
approximated by stochastic Hessian:
ﬁ Z_]‘eJ Vvl (ij DNNw (mj))
for a random subset J C {1,...,m}, where |J| < m

... justified by the law of large numbers
23/90



Stochastic gradient descent (SGD)

In general (i.e., not only for DNNs), suppose we want to solve

F E ' ' dat mpl
mln ’UJ .S are data sa €s
" i—1 f E Ez

idea: replace gradient with a stochastic gradient in each step of GD

Stochastic gradient descent (SGD)

Input: initialization wo, stopping criterion (SC), k =1
1: while SC not satisfied do

2:  sample a random subset .J;, C {0, . ..,m -1}

calculate the stochastic gradient g, = \Jk\ ZJeJk wf (wk_l;gj)
decide a step size 1k

update counter: k =k +1

3
4
5: make a step: wi = Wi_1 — tkgy
6:
7: end while

— Ji is redrawn in each iteration

— Traditional SGD: |J,| = 1. The version presented is also called mini-batch

gradient descent
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What’s an epoch?

— Canonical SGD: sample a random subset J, C {1,...,m} each
iteration—sampling with replacement

— Practical SGD: shuffle the training set, and take a consecutive batch of
size B (called batch size) each iteration—sampling without replacement

one pass of the shuffled training set is called one epoch.

Practical stochastic gradient descent (SGD)

Input: init. wo, SC, batch size B, iteration counter k = 1, epoch counter £/ =1
1: while SC not satisfied do

2: permute the index set {0,--- ,m} and divide it into batches of size B
3: forie{l,...,#batches} do

4: calculate the stochastic gradient g, based on the i‘" batch

5: decide a step size tx

6: make a step: wy = wr_1 — txgy

7 update iteration counter: k =k +1

8: end for

9: update epoch counter: ¢ = /¢ + 1

10: end while
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GD vs. SGD

2

Consider miny, ||y — Xw||5, where X € R'0000%500 4y ¢ R10000 4y ¢ RO

1000 — G
sGD

1000 — &
GD
800 800

600 600

400 400

200 200

0 10 20 0 20 50 0 n 20 0 0
iter(GD)/iter{SGD) iter(GD)/epoch(SGD}

— By iteration: GD is faster
— By iter(GD)/epoch(SGD): SGD is faster

— Remember, cost of one epoch of SGD = cost of one iteration of GD!

SGD is quicker to find a medium-accuracy solution with lower cost, which
suffices for most purposes in machine learning [Bottou and Bousquet, 2008].
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Step size (learning rate) for SGD

Recall the recommended step size rule for GD: back-tracking line search
key idea: F (w — tVF (w)) — F (w) ~ —ct ||[VF (w)]||? for a certain ¢ € (0,1)

Shall we do it for SGD? No, but why?

— SGD tries to avoid the m factor in computing the full gradient
VuwF (w) = "V f (w3 &), ie., reducing m to B (batch size)

- But computing F (w) = L 37" | f (w;§;) or
F(w—tg)= 23" f(w—tg;&,) brings back the m factor; similarly
for VF

— What about computing approximations to the objective values based on

m

small batches also? Approximation errors for F' and VF may ruin the
stability of the Taylor criterion
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Step size (learning rate, or LR) for SGD

Classical theory for SGD on convex problems requires
Z tr = o0, Z ti < 00.
k k

Practical implementation: diminishing step size/LR, e.g.,

— 1/k delay: t, = a/(1 + Bk), o, B: tunable parameters, k: iteration index

— exponential delay: ¢, = ae %, a, 8: tunable parameters, k: iteration
index

— staircase delay: start from to, divide it by a factor (e.g., 5 or 10) every L
(say, 10) epochs—popular in practice. Some heuristic variants:
(1r_scheduler.ReduceLROnPlateau)

— watch the validation error and decrease the LR when it stagnates
— watch the objective and decrease the LR when it stagnates

check out torch.optim.lr_scheduler in PyTorch! https:

//pytorch.org/docs/stable/optim.html#how-to-adjust-learning-rate
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Beyond the vanilla SGD

— Momentum/acceleration methods
— SGD with adaptive learning rates

— Stochastic 2nd order methods
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Why momentum?

gradient descent

Credit: Princeton ELE522

— GD is cheap (O(n) per step) but overall convergence sensitive
to conditioning

— Newton's convergence is not sensitive to conditioning but

expensive (O(n?) per step)

A cheap way to achieve faster convergence? Answer: using historic

information
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Heavy ball method

In physics, a heavy object has a large inertia/momentum—resistance to change
in velocity.

Tp+1 = @k — V[ (xr) + Bk (xr — TK—1) due to Polyak
[ —

momentum

heavy-ball method
Credit: Princeton ELE522

History helps to smooth out the zig-zag path! 31/90



Nesterov’s accelerated gradient methods

due to Y. Nesterov

Thy1 = T + Pr (Tr — Ti—1) — ax VS (Tr + B (Tx — Th-1))

Momentum update Nesterov momentum update

“lookahead" gradient
step (bit different than
original)

momentum momentum

step step
actual step

actual step

gradient
step

Credit: Stanford CS231N

HB {Tanead =z + B(z — o), Tahead = @ + B(z — Told),

Tnew = Tahead — @V f(Zanead)-

Nesterov
Tnew = Tanead — @V ().

SGD with momentum/acceleration: replace the gradient term V f by the
stochastic gradient g based on small batches

check out torch.optim.SGD at (their convention slightly differs from here)

https://pytorch.org/docs/stable/optim.html#torch.optim.SGD 32/90
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Why SGD with adaptive learning rate?

Recall the struggle of GD on elongated functions, e.g., f (z1,x2) = x7 + 43

Ty

gradient descent

— (Quasi-)Newton's method: take the full curvature info, but expensive

— Momentum methods: use historic direction(s) to cancel out wiggles

Another heuristic remedy: balance out movements in all coordinate directions.
Suppose g is the (stochastic) gradient, for all 7,

divide g; by historic gradient magnitudes in the i** coordinate

Benefit: coordinate directions always with small (large) derivatives get sped up

(slowed down). Think of the above f (z1,22) example!
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Method 1: Adagrad

divide g; by historic gradient magnitudes in the i** coordinate

At the (k4 1) iteration, for all i,
,',k
Tkl = Tik — tkgl—
k 2
\/ Z]’:l 9i; T€
or in elementwise notation
g

\/ Z?:l g? te

Write s = Zle g?. Note that s = sx_1 + gi. So only need to incrementally
update the s; sequence, which is cheap

Tpy1 = Tk — g

In PyTorch, torch.optim.Adagrad
https://pytorch.org/docs/stable/optim.html#torch.optim.Adagrad
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Method 2: RMSprop

Adagrad:
k
Tyl = Tk — tk\/% with s, = ;9?
update equation for si : s = Si—1 +gi
Problems:

— Magnitudes in si becomes larger when k grows, and hence movements

9k ;
th Jorre become small when £ is large.

— Remote history may not be relevant
Solution: RMSprop—gradually phase out the history. For some 8 € (0,1)
st = fsi1+(1—P)gp <= sk =(1-0) (gx +Bgr 1+ 595 5 +..)

Typical values for 8: 0.9,0.99. In PyTorch, torch.optim.RMSprop
https://pytorch.org/docs/stable/optim.html#torch.optim.RMSprop
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Method 3: Adam

Combine RMSprop with momentum methods

my = fimi—1+ (1 — 51) g, (combine momentum and stochastic gradient)
sk = Basi—1 4+ (1 — ) g5 (scaling factor update as in RMSprop)
my

Tp1 = T — g

V Sk +e€

— Typical parameters: 1 = 0.9, f2 = 0.999, e= 1e-8.

— In PyTorch, torch.optim.Adam
https://pytorch.org/docs/stable/optim.html#torch.optim.Adam

— Several recent variants: torch.optim.AdamW, torch.optim.SparseAdamn,

torch.optim.Adamax
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Thoughts on adaptive LR methods

— adapting the LR or adapting the (stochastic) gradient? Two views of the
same thing (® denotes elementwise product)

tr 9i

L1 =T — —F——=0OgGg VS, Xpi1 = @ — L —r—
VSk t+ € k * V8K +e
— adapting the gradient, familiar? What happens in Newton's method?

ty di g< ! s thH; '
Lk+1 = L — Lk dla, —F— | 9 VS. Lp+1 = L — Uk k G-
V8K +¢€

. approximate the Hessian (inverse) with a diagonal matrix. So adaptive
methods are approximate 2nd order methods, and more faithful
approximation possible.

— Learning rate t5: similar to that for the vanilla SGD, but less sensitive and

can be large

37/90



Why adaptive methods relevant for DL?

FWy,..., W) =21 S l(y;, 0 Wio(Wieo1 ... (Wixy))))
Derivatives for early layers tend to be order of magnitude smaller than those for
late layers, i.e., the gradient vanishing/exploding phenomenon

100 Speed of learning: 4 hidden layers

— Hidden layer 1

Hidden layer 2
10t —— Hidden layer 3
Hidden layer 4

102}

100 200 300 400 500
Number of epochs of training

See more discussion and explanation in

http://neuralnetworksanddeeplearning.com/chap5.html 38/90
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Why adaptive methods relevant for DL?

FWyi,. .., Wi)=23" U(y;,0 Wio(Wi_1...(Wiz,))))

m

— Hypothesis: F' has many saddle points and escaping saddle points causes
the difficulty of training [Choromanska et al., 2015, Pascanu et al., 2014,
Dauphin et al., 2014, Baskerville et al., 2020]

— Adaptive methods can escape saddle points efficiently; see, e.g.,
[Staib et al., 2020]

visual comparison https://imgur.com/a/Hqolp
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Diagnosis of LR

low learning rate

high learning rate

good learning rate

epoch

Credit: Stanford CS231N

— Low LR always leads to convergence, but takes forever

— Premature flattening is a sign of large LR; premature sloping is a sign of
early stopping—increase the number of epochs!

— Remember the starecase LR schedule!
40/ 90



Stochastic 2nd order methods

Recall scalable 2nd order methods

— Quasi-Newton methods, esp. L-BFGS

— Trust-region methods
When #samples is large, use mini batches to estimate any quantities

— stochastic quasi-Newton methods: e.g., [Martens and Grosse, 2015]
[Byrd et al., 2016] [Anil et al., 2020]
[Roosta-Khorasani and Mahoney, 2018]

— stochastic trust-region methods: e.g., [Curtis and Shi, 2019],
[Chauhan et al., 2018]

https://github.com/hjmshi/PyTorch-LBFGS
https://pytorch-optimizers.readthedocs.io/en/latest/ (collectes
many optimizers not officially supported by PyTorch)

still active area of research. Hardware seems to be the main limiting factor,

which is diminishing as GPU memory/compute gets better over years
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Training algorithms

Where to start
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Where to initialize? the general picture

2
) gle.y) =Y aisin(biz + ciy) + di cos(eia + fiy)
=

fay) = +y .

T

convex vs. nonconvex functions

— Convex: most iterative methods converge to the global min no matter the
initialization
— Nonconvex: initialization matters a lot. Common heuristics: random
initialization, multiple independent runs
— Nonconvex: clever initialization is possible with certain assumptions on
the data:
https://sunju.org/research/nonconvex/

and sometimes random initialization works!
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Where to initialize for DNNs?

FWi,...,Wi)=23" U(y;,0 Wio(Wi_1...(Wiz,))))

— Are there bad initializations? Consider a simple case

m

1
F (Wi, W3) Wao (Wiz;
(W, W) = — ZHyz 20 (Waws)|[3

2 — /
VW1F (W17W2) = —% Z [W; (yl — Wso (W]illz)) ®o (W]il?z)] T

i=1

* What about W = 0? Vw, F = 0—no movement on W
* What about very large (small) W7 Large (small) value &

gradient—the problem becomes significant when there are more
layers

— Are there principled ways of initialization?
* random initialization with proper scaling

* orthogonal initialization
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Random initialization

Idea: make all entries in W iid random, and also W;'s and W's “well

behaved”

A reasonable goal: if all entries in v € R? are independent and have zero
mean, unit variance, the output o (w™v) € R (i.e., output of a single

neuron) has a unit variance.

To seek a specific setting for w € R, suppose w is iid with zero mean and o is
identity. Then:

Var (wTv) = Var (Z wiv¢> = Z\/ar (wivs) = ZVar (w;) Var (v;) = dVar(w;).

To make Var (wTv) = 1, we will set Var (w;) = 1/d.

For W; with d inputs, set W iid zero-mean and 1/d variance
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Random initialization

For W; with din inputs, set W; iid zero-mean and 1/d;, variance

A similar consideration of W (due to its role in the gradient) also suggests that

For W ; with dous outputs, set W iid zero-mean and 1/dous-variance

Xavier Initialization: set W; € Rut*din jid zero-mean and
2 . .
T Td. variance. For example:

- Wi ~ia N (0, —2— torch.nn.init.xavier_normal_
din+dout

. 6 6
- i ~iiq uniform ( —
Wi ~iiq unifo ( \/diandout ’ \/diu+dom>

torch.nn.init.xavier_ uniform_

46 /90



Random initialization

Recall our derivation assumed ¢ is identity, which may not be accurate.

For ReLU, assume v iid 0-mean, unit variance, w iid 0-mean, and both v, w are
symmetric and independent (i,e., —v has the same dist as v; similarly for w)

E [ReLU” (w'v)] = %IE [(wTv)z] = %Var (wT) = %d\/ar (wi) .

Kaiming Initialization (for ReLU): set W, € R%ut*%n jid zero-mean and

2 _

din

variance. For example:

- W; Nn‘dN<0: d?ﬂ) torch.nn.init.kaiming normal_

— W, ~j;q uniform ( — i, 6
din din

torch.nn.init.kaiming uniform_

But it only accounts for din or dout; a proposed modification: set the variance to

c

V dindout

for some constant ¢ [Defazio and Bottou, 2019]
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Orthogonal initialization

Making all W ;'s orthonormal is empirically shown to lead to competitive
performance with fewer tricks (covered later). See Sec 4.2 of [Sun, 2019]

torch.nn.init.orthogonal_

There is a body of research proposing constraining/regularizing W's to be
orthonormal, e.g., [Arjovsky et al., 2016, Bansal et al., 2018,
Lezcano-Casado and Martinez-Rubio, 2019, Li et al., 2020]

See also the modified PyTorch package that allows manifold constraints
https://github.com/mctorch/mctorch
and the NCVX package that can handle general constrained deep learning

https://ncvx.org/
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Training algorithms

When to stop
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When to stop in training DNNs?

Recall that a natural stopping criterion for general GD is ||V f (w)]|| < e for a
small €. Is this good when training DNNs?

— Computing Vf (w) each iterate is expensive (recall why GD into SGD)
— Stochastic gradient is noisy—norm at a true critical point may be large

— Non-differentiable objectives are common in deep learning

A practical /pragmatic stopping strategy for supervised problems: early stopping

Total
Loss

Validation set

Training set

Epochs

... periodically check the validation error and stop when it doesn't improve
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Tricks
Data Normalization
Regularization

Hyperparameter search, data augmentation
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Training DNNs

1l &
min — ;f(yi,DNNw (xi)) + Q (W)

— What methods? Mini-batch stochastic optimization due to large m

* SGD (with momentum), Adagrad, RMSprop, Adam
* diminishing LR (1/t, exp delay, staircase delay)

— Where to start?
* Xavier init., Kaiming init., orthogonal init.
— When to stop?

* early stopping: stop when validation error doesn’t improve
Now: additional tricks/heuristics that improve

— convergence Speed

— task-specific (e.g., classification, regression, generation) performance
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Tricks

Data Normalization
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Why scaling matters?

Consider a ML objective: min,, f(w)= 13" ((wTzi;y:), eg.,

m i=1
. 2
— Least-squares (LS): minw - >0, [lyi — w5
— Logistic regression: min, —- >, [yinmi —log (1 + c“’Tm"ﬂ

— Shallow NN prediction: mine, = 3™ |ly; — o (w'z:)||3

Gradient: Vo f = + S U (wTws ys) @

m

— What happens when coordinates (i.e., features) of x; have different orders
of magnitude? Partial derivatives have different orders of magnitudes —>
slow convergence of vanilla GD (recall why adaptive grad methods)

Hessian: Vo, f = = 3" 0" (wx;; i) zix].

m i=1

— Suppose the off-diagonal elements of x;x] are relatively small (e.g., when
features are “independent”).

— What happens when coordinates (i.e., features) of x; have different orders
of magnitude? Conditioning of V2, f is bad, i.e., f is elongated
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Fix the scaling: first idea

Normalization: make each feature zero-mean and unit variance, i.e., make
each feature/column of X zero-mean and unit variance, i.e.

X/:X_IJ'

(p——col means, o—col std, broadcasting applies)

X = (X - X.mean(axis=0))/X.std(axis=0)

original data zero-centered data normalized data

Credit: Stanford CS231N

55 /90



Fix the scaling: first idea

For LS, works well when features are approximately independent

before vs. after the normalization

For LS, works not so well when features are highly dependent.

before vs. after the normalization

How to remove the feature dependency? 56 / 90



Fix the scaling: second idea

PCA and whitening
PCA, i.e., zero-center and rotate the data to align principal directions to
coordinate directions

X -= X.mean(axis=0) #centering
U, S, VT = np.linalg.svd(X, full matrices=False)
Xrot = X@VT.T #rotate/decorrelate the data
(math: X =USVT, then XV =US)

Whitening: PCA + normalize the coordinates by singular values

Xwhite = Xrot/(S+eps) # (math: Xynite = U)

original data decorrelated data whitened data

Credit: Stanford CS231N 57 /90



Fix the scaling: second idea

For LS, works well when features are approximately independent

before vs. after the whitening

For LS, also works well when features are highly dependent.

before vs. after the whitening
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In DNNSs practice

fixing the feature scaling makes the landscape “nicer”—derivatives and
curvatures in all directions are roughly even in magnitudes. So for DNNs,

— Preprocess the input data

* zero-center
* normalization
* PCA or whitening (less common)
— But recall our model objective min, f(w) = £ 37" ¢ (wT@i;y:) vs.
DL objective

minw % Zm Y4 (yi,o (WkO' (Wk_l ...O (W1(B1)))) +Q (W)

i=1

* DL objective is much more complex

* But 0 (Wio (Wig_1...0(Wiz,))) is a composite version of w'a;:
chci, WQO' (Wlmi), W30’ (WQO’ (Wlmi)), .

— Idea: also process the input data to some/all hidden layers

59 /90



Batch normalization

Apply normalization to the input data to some/all hidden layers

- 0 (Wio (Wi_1...0(Wiz;))) is a composite version of wTx;:
W1mi, W20' (W1:1)7;), W:;O' (WQO’ (Wlwl)), -

— Apply normalization to the outputs of the colored parts based on the
statistics of a mini-batch of x;’s, e.g.,

W2 g (W11131) — W2 BN (O’ (W1(IIZ))
N— —

Zz; BN(z;)

zT
— Let z;'s be generated from a mini-batch of x;'s and Z = { ~T-l~ }
B

Z; -z,
BN (Z;) = L5 7PZi for each j, i.e., for each neuron/feature.
O'Zj

Flexibity restored by optional scaling v;'s and shifting f;'s:
Zj—hz;
BN"/jvﬂj (Z]) = 7j7]

0z;

+ f3; for each j.

Here, v;'s and (3's are trainable (optimization) variables!
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Batch normalization: implementation details

; BN i Zi —hz, :
Wag W) = Wo Bl Whm)) - BN, 4, (25) = =2+ 5, ¥
e BN(z;) J

Question: how to perform training after plugging in the BN operations?
minw = Y7 £ (y;,0 (WiBN (0 (Wi_1...BN (o (W1ix;)))))) + Q2 (W)

Answer: for all j, BN, g. (Z;) is nothing but a differentiable function of Z;,
v;j, and B; — chain rule applies!

- pz; and oz, are differentiable functions of Z;, and
(Zj,5,B;) = BNy, g, (Z;) is a vector-to-vector mapping

— Any col Z; depends on all ;'s in the current mini-batch B as z; +— x;
fori=1,...,|B]

— Without BN: V-~ il Z'B‘ LWk, y,) = |B‘ ZLB‘I Vwlt(W; i, y,),
the summands can be computed in parallel and then aggregated
With BN: VW\T%\ ZL@lﬁ(W;mk,yk) has to be computed altogether,
due to the inter-dependency across the summands
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Batch normalization: implementation details

Zj— pz,
ag

BN, .8, (Z;) =1 +8; V3

J

What about validation/test, where only a single sample is seen each time?

idea: use the average 1i,;’s and o_;’s over the training data (v;'s and 3;’s
are learned)

In practice, collect the momentum-weighted running averages: e.g., for each
hidden node with BN,

=(1-n) Pora + Nitnew
= (1 - 77) Oold + N0 new

=

ql

with e.g., n = 0.1. In PyTorch, torch.nn.BatchNormid,
torch.nn.BatchNorm2d, torch.nn.BatchNorm3d depending on the input
shapes
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Training and evaluation modes

In practice, collect the momentum-weighted running averages: e.g., for each
hidden node with BN,

B=(1=n)Toq + Ninew

g = (1 - 7/) Told + NOnew

with e.g., n = 0.1.

— Different behaviors in training and evaluation modes for BatchNorm
(similarly for Dropout discussed later)

— Pytorch implements .train() and .eval() to switch between the modes

# evaluate model:
model.eval()

with torch.no_grad():

out_data = model(data)

BUT, don't forget to turn back to training mode after eval step:
# training step

model.train()
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Batch normalization: implementation details

Question: BN before or after the activation?

Wso (Wlwl) — W3BN (O’ (W1£I:1)) (after)
WQO' (W1CB1) — W2 (J (BN (W1€l)1))) (before)

— The original paper [loffe and Szegedy, 2015] proposed the “before” version
(most of the original intuition has since proved wrong)

— But the “after” version is more intuitive as we have seen

— Both are used in practice and debatable which one is more effective

* https://www.reddit.com/r/Machinelearning/comments/

67gong/d_batch_normalization_before_or_after_relu/
https://blog.paperspace.com/
busting-the-myths-about-batch-normalization/
https://github.com/gcr/torch-residual-networks/issues/5
* [Chen et al., 2019]
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Why BN works?

Short answer: we don’t know exactly
Long answer:

— Originally proposed to deal with internal covariate shift
[loffe and Szegedy, 2015]

The original intuition later proved wrong and BN is shown to make the
optimization problem “nicer” (or “smoother”)
[Santurkar et al., 2018, Lipton and Steinhardt, 2019]

Yet another explanation from optimization perspective [Kohler et al., 2019]

— A good research topic
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Batch PCA /whitening?

fixing the feature scaling makes the landscape “nicer”’—derivatives and
curvatures in all directions are roughly even in magnitudes. So for DNNs,

— Add (pre-)processing to input data

* zero-center
* normalization

* PCA or whitening (less common)
— Add batch-processing steps to some/all hidden layers

* Batch normalization
* Batch PCA or whitening? Doable but requires a lot of
work [Huangi et al., 2018, Huang et al., 2019, Wang et al., 2019]

normalization is most popular due to the simplicity
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Zoo of normalization

Layer Norm Instance Norm

Normalization methods. Each subplot shows a feature map tensor, with IV as the batch axis, C' as the channel axis, and (H, W)
as we spatial axes. The pixels in blue are normalized by the same mean and variance, computed by aggregating the values of these pixels.

Credit: [Wu and He, 2018]

normalization in different directions/groups of the data tensors

— N is the batch axis
— C'is the # output nodes (often called “channels” in CNN context)
— WH is the per output dimension (1 for fully connected, but 2D for CNNs)

layer /group normalization:
— small N (batch size) is possible

— simplicity: training/test normalizations are consistent 67 /90



Zoo of normalization

weight normalization: decompose the weight as magnitude and direction
w = gﬁ and perform optimization in (g, v) space

An Overview of Normalization Methods in Deep Learning
https://mlexplained.com/2018/11/30/

an-overview-of-normalization-methods-in-deep-learning/

Check out PyTorch normalization layers

https://pytorch.org/docs/stable/nn.html#normalization-layers
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Tricks

Regularization
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Regularization to avoid overfitting

Training DNNs minw = > | £ (y;, DNNw (2;)) + AQ (W) with explicit
regularization 2. But which Q7

- Q(W) =3, IW4||3 where k indexes the layers — penalizes large values
in W and hence avoids steep changes (set weight_decay as A in
torch.optim.xxxx )

- Q(W) =73, W], — promotes sparse W's (i.e., many entries in
W 's to be near zero; good for feature selection)

11 reg = torch.zeros(1)
for W in model.parameters():
11_reg += W.norm(1)

- Q(W) = || Jpxny (2)||7 — promotes slow change of the function
represented by DNNw,

[Varga et al., 2017, Hoffman et al., 2019, Chan et al., 2019]

. )]0 wWecC .
— Constraints, ¢ (W) = , e.g., binary, norm bound

o W¢C
— many others!
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Implicit regularization

Training DNNs minyy L S 7 (y,, DNNyw (z;)) + AQ (W) with

m =1
implicit regularization — operation that is not built into the objective
but avoids overfitting

early stopping

(batch) normalization

— dropout

algorithm choice

— etc
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Early stopping

A practical /pragmatic stopping strategy: early stopping

Total
Loss

Stop at Validation set

Training set

Epochs

... periodically check the validation error and stop when it doesn't improve

Intuition: avoid the model to be too specialized/perfect for the training data

More concrete math examples: [Bishop, 1995, Sjoberg and Ljung, 1995]
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Batch/general normalization

Batch Norm

Normalization methods. Each subplot shows a feature map tensor, with IV as the batch axis, C' as the channel axis, and (H, W)
as we spatial axes. The pixels in blue are normalized by the same mean and variance, computed by aggregating the values of these pixels.

Credit: [Wu and He, 2018]

normalization in different directions/groups of the data tensors

weight normalization: decompose the weight as magnitude and direction
w = gﬁ and perform optimization in (g, v) space

An Overview of Normalization Methods in Deep Learning
https://mlexplained.com/2018/11/30/

an-overview-of-normalization-methods-in-deep-learning/
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Dropout

(a) Standard Neural Net (b) After applying dropout.

Credit: [Srivastava et al., 2014]

Idea: kill each non-output neuron with probability 1 — p, called Dropout

— perform Dropout independently for each training sample and each iteration

— for each neuron, if the original output is x, then the expected output with
Dropout: pz. So rescale the actual output by 1/p

— no Dropout at test time!
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Dropout: implementation details

def train_step(X):

np.maximum(©, np.dot(Wl, X) + bl)

H1 =

Ul = (np.random.rand(*H1.shape) < p) / p
H1 *= Ul

H2 = np.maximum(©, np.dot(W2, H1) + b2)
U2 = (np.random.rand(*H2.shape) < p) / p
H2 *= U2

out = np.dot(W3, H2) + b3

def predict(X):

H1 np.maximum(0, np.dot(Wl, X) + bl)
H2 np.maximum(0, np.dot(W2, H1) + b2)
out = np.dot (W3, H2) + b3

Credit: Stanford CS231N

What about derivatives? Back-propagation for each sample and then aggregate

PyTorch: torch.nn.Dropout, torch.nn.Dropout2d, torch.nn.Dropout3d
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Why Dropout?

Original Data

Bootstrapping

ci o Aggregating
Credit: Wikinedi (a) Standard Neural Net (b) After applying dropout.
redit: Ikipedia
bagg|ng can avoid overfitting Credit: [Srivastava et al., 2014]

For an n-node network, O(2") possible sub-networks.

Consider the average/ensemble prediction Egx [SN ()] over 2™ of sub-networks
and the new objective

m

F(W) = =3 ((y,,Bsn [SNw (@)

Mini-batch SGD with Dropout samples data point and model simultaneously

(stochastic composite optimization [Wang et al., 2016, Wang et al., 2017] )
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Implementation details

— Different behaviors in training and evaluation modes for Dropout
(similarly for BatchNorm discussed earlier)

— Pytorch implements .train() and .eval() to switch between the modes

# evaluate model:
model.eval()

with torch.no_grad():

out_data = model(data)

BUT, don't forget to turn back to training mode after eval step:

# training step

model.train()

77/90



Tricks

Hyperparameter search, data augmentation
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Hyperparameter search

...tunable parameters (vs. learnable parameters, or optimization variables)

— Network architecture (depth, width, activation, loss, etc)
— Optimization methods

— Initialization schemes

— Initial LR and LR schedule/parameters

— regularization methods and parameters

— etc

https://cs231n.github.io/neural-networks-3/#hyper

Grid Layout Random Layout

Unimportant parameter

Unimportant parameter

Important parameter Important parameter

Credit: [Bergstra and Bengio, 2012] 79 / 90
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augmentation

— More relevant data always
help!

— Fetch more external data

— Generate more internal
data: generate based on
whatever you want to be
robust to

* vision: translation,
rotation,
background, noise,
deformation,
flipping, blurring,

occlusion, etc

Credit: https://github.com/aleju/imgaug

See one example here https:

//pytorch.org/tutorials/beginner/transfer_learning _tutorial.htmlg, /90


https://github.com/aleju/imgaug
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https://pytorch.org/tutorials/beginner/transfer_learning_tutorial.html

Suggested reading
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Suggested reading

— Chap 7, Deep Learning (Goodfellow et al)

— Sun, Ruoyu. “Optimization for deep learning: theory and algorithms.”
arXiv preprint arXiv:1912.08957 (2019).

— UIUC IE598-ODL Optimization Theory for Deep Learning
https://wiki.illinois.edu/wiki/display/IE5980DLSP19/
IE598-0DL++0ptimization+Theory+for+Deep+Learning

— Stanford CS231n course notes: Neural Networks Part 1: Setting up the
Architecture https://cs231n.github.io/neural-networks-1/

— Stanford CS231n course notes: Neural Networks Part 2: Setting up the
Data and the Loss https://cs231n.github.io/neural-networks-2/

— Stanford CS231n course notes: Neural Networks Part 3: Learning and
Evaluation https://cs231n.github.io/neural-networks-3/

— http://neuralnetworksanddeeplearning.com/chap3.html
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