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1.

Extended-reference CDI

In coherent diffraction imaging (CDI), one observes, to good approximation, the oversampled Fourier magnitudes of
the absorption density of a specimen. Recovering the density from the magnitudes leads to the classic phase retrieval
problem. Recovery has traditionally been performed by iterative methods that combine the knowledge of a limited
support (oversampling) in image space and Fourier magnitudes [1]. Such methods, however, are susceptible to failure
due to imperfections commonly found in experimental data: noise, missing measurements, and background signals.
Moreover, there is no guarantee these methods can solve the underlying nonconvex optimization problem for recovery.
In real-world settings, obtaining a robust solution often necessitates many repeated reconstructions using multiple
algorithms, parameters, and random restarts.
One way of countering these difficulties is adding a known reference specimen alongside the original, called extendedreference CDI [2,3]. In this paper, we focus on a generic setup as illustrated in Fig. 1(a), where for simplicity we assume
the reference R has the same size as the original specimen.

Fig. 1: Reference choices for extended-reference CDI and error comparison. (a): Generic setup. (b)–(d): Point-source/Lshaped/block-reference. (e)–(f): Variants of the block-reference scheme. (g): Relative shot (Poisson) noise error vs.
absorbance ratio of reference to (mimivirus [4]) specimen for various reference schemes.
The case where R is a point-source (i.e. a delta function) (Fig. 1(b)) amounts to classic Fourier holography [5]. The
L-shaped (Fig. 1(c)) and constant block (Fig. 1(d)) references were initially proposed in [3] and [2], respectively, among
other possibilities [6, 7].
For recovery, reference-specific non-iterative methods have been derived [2, 3, 5]. Here we elucidate the simple and
general mathematics behind these specific recovery schemes. Previously, stabilities of the different references have not
been carefully evaluated. We provide both empirical and theoretical results, showing that the block-reference scheme
achieves the best stability.
2.

Recovery as (partial) deconvolution & Stability

Let [X, R] be the extended specimen, where R is the known reference. Then, Yb = Pois(|F ([X, R])|2 ) is the observation
(where Pois(λ ) denotes the Poisson distribution with rate λ , and F denotes the oversampled Fourier transform). Here
we explicitly model two sources of imperfections: F could sample nonuniform points in the frequency domain, e.g. a
beam stop that blocks low-frequency components, and the measurements are contaminated by shot (Poisson) noise.

We can obtain from Yb an estimate for the autocorrelation of [X, R], A[X,R] by solving the least squares minA 12 kYb −
b[X,R] when F contains enough frequency samples. We can
F (A) k22 , which admits a unique closed-form solution A
b
b
then extract from A[X,R] the part C[R,X] , an estimate for the first half of the cross-correlation (R ? X)H , which is
linear in X. Finally, an estimate for X is obtained
deconvolution on Cb[R,X] based on the known R:
 by performing

minX 1 kCb[R,X] − (R ? X)H k2 which gives Xb = M −1 Cb[R,X] , where M −1 is the inverse operator of the cross-correlation.
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When R is L-shaped or a constant block, the differential operators proposed in [2, 3] have computable inverse
operators and enable reconstruction in linear time with respect to the number of measured Fourier magnitudes. For a
general reference shape, there may not a simple expression for the inverse operator. But it can be computed in quadratic
time, instead of the usual cubic time, as the matrix MR is always lower triangular.
When there is no shot noise, the above recovery method is exact. When noise is considered, we calculate the
expected recovery error EkXb − Xk22 . Analysis shows the block reference scheme performs most favorably for signals
with dominant low-frequency components, which is the case for generic specimens. This is supported by numerical
simulations. In Fig. 1(g), we compare the relative reconstruction errors kXb − Xk2 /kXk2 for the point-source, L-shaped,
and constant block references across a range of reference-to-specimen absorbance ratios. The constant block scheme
outperforms the other two by a significant margin.
3.

Physical realization

We broadly define a block reference as any reference having a constant absorption density, and whose area incident to
the imaging wavefront is equal to or greater than that of the specimen. Such a block reference can also be partially
occluded by the specimen (see Fig. 1(e) and (f)). In addition to the recovery advantages discussed, a block reference
also has the advantage that it does not require the fabrication of sharply varying internal features, as do the point-source
and L-shaped references.
Modern lithography and nano-scale printing techniques mean the fabrication of block-referenced specimens is
straightforward, if potentially expensive. For X-ray or electron imaging, single crystal silicon supports with thin silicon,
silicon nitride or graphene backing have become popular as low-background substrates for fixed target imaging, such as
the recent work by Seuring et al. [8]. These substrates exhibit windows etched into a single crystal silicon chip, which
can be performed with high precision (order of 1 µm). We envision employing such chips, but further patterning a
silicon block reference directly into the chip windows during etching, or printing a plastic or metallic square onto the
windows post-fabrication. This technology has not yet been investigated in detail; costs associated with these fabrication
tasks are still being researched. While the block-reference requires additional experimental complexity compared to
reference free CDI, fabrication of extended rectangular references is simple compared to other reference shapes.
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